THE SEGAL-BARGMANN TRANSFORM FOR THE HEAT EQUATION 
ASSOCIATED WITH ROOT SYSTEMS 

GESTUR OLAFSSON AND HENRIK SCHLICHTKRULL 

Abstract. We study the heat equation associated to a multiplicity function on a root sys- 
tem, where the corresponding Laplace operator has been defined by Heckman and Opdam. In 
particular, we describe the image of the associated Segal-Bargmann transform as a space of 
holomorphic functions. In the case where the multiplicity function corresponds to a Riemann- 
ian symmetric space G/K of noncompact type, we obtain a description of the image of the 
space of A"-invariant L 2 -function on G/K under the Segal-Bargmann transform associated to 
the heat equation on G/K, thus generalizing (and reproving) a result of B. Hall and J. Mitchell 
for spaces of complex type. 



Introduction 

Let (M, g) be a Riemannian manifold. The heat equation on M is the partial differential equation 
Au(x,t) = dtu(x,t), where A is the Laplace-Beltrami operator. Consider the corresponding 
Cauchy problem Au(x, t) = dtu(x,t), lim^x o u{x, t) = f(x), where / G L 2 (M,dv) and where dv 
is the volume form. The Cauchy problem is solved by the family of linear contraction maps 

H t : L 2 (M, dv)B / i-> u(-,t) = e tA f G L 2 (M, dv). 

Each map Ht has the form of an integral operator Htf(x) = f M f(y)kt(x,y)dv(y), where kt is 
the heat kernel. The literature contains an extensive study of Ht and its kernel. We refer to [3| 
and [I] for introduction and an overview. One of the natural questions is to describe the image 
of Ht. This can be done either using real analysis or, in several special cases, complex methods. 

Let M = W for a moment, so that we have the Fourier transform and a natural complexifi- 
cation at our disposal. It is easy to see that 

(0.1) H t {L 2 (R r )) = {/ G L 2 (IR r ) | e* M 7 G L 2 {R r )} . 

But Ht is also a smoothing operator, in fact the image consists of real analytic functions, which 
can be extended to entire functions on C r . Hence Ht can also be considered as a linear map 
Ht : L 2 (W) — ► C(C r ), sometimes called the Segal-Bargmann transform (after [21l2U| ). It should 
however be noted that originally the Hilbert space L 2 (W) was replaced by L 2 (W , dfit), where 
dff t (x) = dfit(x) = {^t)- r l 2 e-\ x \ 2 /^d x is the heat kernel measure. The reason is, that {dfj,l} 
forms a projective family of probability measures, which then defines a probability measure on 
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the infinite dimensional space The image in 0(C r ) of the Segal-Bargmann transform is the 
Fock space 

(0.2) F t (C r ) := {F G 0{C) | ||F|| 2 := (27rt)~ r / 2 f \F(x + iy)\ 2 e~\ y f ' ^ dxdy < 00} 

and H t : L 2 (R r ) — > J- t (C r ) is a unitary isomorphism, cf. |21 I2l)j. 

The obvious problem in the general case is that there is no "natural" complexification of M. 
An important class of spaces, where such a complexification exists, is the class of Riemannian 
symmetric spaces. The first work in this direction was the article by Hall [5]. Here M. r is replaced 
by a connected compact semisimple Lie group U, and C r is replaced by its complexification Uc- 
This was put into a general framework using polarization of a restriction map in ^2]. The 
results of Hall were extended to compact semisimple symmetric spaces U/K by Stenzel in |21j . 
In this case the complexification is given by Uc/Kc- It is important to note that in the compact 
case, every eigenfunction of the algebra of invariant differential operators as well as the heat 
kernel itself, extends to a holomorphic function on Uc/Kc- This is related to the fact, that 
each irreducible representation of U extends to a holomorphic representation of Uc- In the 
noncompact case this does not hold, which makes the situation more complicatied. The natural 
complexification in this case is the Akhiezer-Gindikin domain H C Gc/Kq, see pQ. Using results 
from ^S] it was shown in ^1 that the image of the Segal-Bargmann transform on G/K can be 
identified as a Hilbert-space of holomorphic functions on 3. It was also shown that the norm on 
this space was not given by a density function. Some special cases have also been considered in 
[Hill], but without using the Akhiezer-Gindikin domain explicitly. In particular, in [7j B. Hall 
and J. Mitchell give a description of the image of the iT-invariant functions in L 2 (G/K) in case 
G is complex. The image is in fact isomorphic to the Fock space Fti&c) described in (|0.2|) . where 
is the Lie algebra of a maximal abelian vector subgroup A in G. 

Here we shall also study the case of if-invariant functions, but in a generalized setting. The 
main tool in the study of fC-invariant functions is the reduction to analysis on A and a by 
restriction. This is made possible by the Cartan decomposition G = KAK. On A the radial 
part of the Laplacian is a singular differential operator with leading part the Laplacian of A. 
The main ingredients depend on the system of restricted roots and the multiplicities m a , i.e., 
the dimension of the root spaces. The setting of analysis on Riemannian symmetric spaces has 
been generalized by Heckman and Opdam by allowing arbitrary values for the multiplicities m a , 
which are thus replaced by a Weyl-group invariant function m : A — > R, see The spherical 
functions are replaced by the Heckman-Opdam hyper geometric functions, and the spherical 
Fourier transform becomes the hyper geometric Fourier transform. In order to have a Plancherel 
decomposition without discrete parts, it is common to assume that m a > for all a G A. 

In this article we study the heat equation on A corresponding to a non-negative multiplicity 
function. In particular our results include the description of the Segal-Bargmann transform on 
L 2 (G/K) K for a Riemannian symmetric space of noncompact type. The paper is organized as 
follows. In the first section we introduce the necessary facts from the Heckman-Opdam theory. 
We discuss two special cases, first of all the geometric case, where the set up corresponds to 
a Riemannian symmetric space of the noncompact type, and secondly the case where the root 
system is reduced and m a G 2N for all a. The second section starts off by a short discussion of 
the Euclidean case W ~ a, and then we discuss the heat equation corresponding to a nonnegative 
multiplicity function. In Theorem 12.41 we give a description of the image of the Segal-Bargmann 
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transform similar to The main result, Theorem 12. fi( describes the image in terms of 

holomorphic function on ac using the standard Fock space (|fl.2|) . 

1. The Hypergeometric Functions and Hypergeometric Fourier Transform 

In this section we collect basic facts about the Heckman-Opdam hypergeometric functions, the 
corresponding hypergeometric Fourier transform, and the Plancherel formula. We then specify 
those results to our main example of semisimple symmetric spaces and to the case where all 
multiplicities are even. Our standard references are jlUl I18j . 

1.1. The Heckman-Opdam hypergeometric functions. Let a be a r-dimensional real vec- 
tor space with inner product (•,•). Let A C o* be a root system, not necessarily reduced. We 
fix a positive system A + C A and set 

(1.1) a + = {H G o | Va G A : a{H) > 0} . 

For A G a* define h\ G a by a(H) = (H, h\) for all H G a. We define an inner product on a* 
by (A, /i) = {h\,hfj). We denote the complex bilinear extension to also by (•,•). If A 7^ let 
H\ = j^x)h\. Then a(H a ) = 2. Note that H\ is independent of the inner product (•, •). We 
extend (•, •) to a C-bilinear form on oc and a£. 

The associated Weyl group, which is generated by the reflections r a (H) = H — a(H)H a , is 
denoted W. The Weyl group acts on a* (and a c ) by duality: w\(H) = A(u> _1 -ff). Recall that 
Wa + = {H G a I Va G A : a(H) / 0} is open and dense in a. Furthermore, if wa + n a + 7^ 
then uu = e, and \ Wa + has measure zero. 

A multiplicity function on A is a function m : A — > C, invariant under the Weyl group. We 
denote by M+ the set of non-negative, i.e., m(a) > 0, multiplicity functions. If not otherwise 
stated, then we will always assume that m G M+. We write m a for m(a). We note, that our 
notation differs from that of Heckman and Opdam as their root system is {2a \ a G A}. The 
present notation is adapted to the special case of a Riemannian symmetric space explained in 
Example 11.51 and it is the same as in |17j . Let 

(1.2) A c = a c /Z{iirH a \ a G A} . 

Then Aq is a r-dimensional complex torus and Ac = AT, where A = a and T = ia/7j{i7rH a \ 
a G A} is compact. Denote by exp : oc — > Ac the cononical projection. 
Define 

A T £ S = exp{H G oc I Va G A : a(H) iriZ} , 

A ieg = A n ,4c g = exp{H G I Va G A : a(H) + 0} 

and A + = exp a + C A vcg . Then WA + = A ies is open and dense in A, A \ A ieg has measure zero 
and wA + D A + = if w ^ e. 

For H G a denote by d(H) the directional derivative d(H)f(a) = d t f (a exp(tH))\ t=0 . Let 
Hi, . . . , H r be an orthonormal basis of 0. We define a Weyl group invariant differential operator 
L(m) on A ieg by 

(1.3) L(m) = £ d{H 3 f + Y, ma-^^diK) . 

3=1 aGA+ 

Note that the first part is just La, the Laplace operator on A. 
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Let II = {cki, . . . , a r } be a set of simple roots in A + . Set T + := {Y^=i n j a j I n j € No}. 
Define p(m) as usually by 2p(m) = J2 a eA+ m « a - ^or A 4 e T + such that (/x, /x — 2A) / for all 
/x G A \ {0}, define r /i (m; A) inductively by 

r (m; A) = 1 

and 

(/x, ji - 2A)r At (m; A) = 2 ^ m Q r M _ 2fcQ ,(m; A)(/x + p(m) - 2ka - A, a) . 

a€A+ fcer* 

For BCA and uCowe set B(oS) = Bexpiuj. Let $7 := {i7 G a | Va € A : |a(.ff)| < vr/2}, 
then exp is bijective a + i2£l -> ,4(20). We set a A := e A(H) G C for a = exp H G .A(2f2) and 
G o + x20. 

The Harish- Chandra series $>\(rn;a) is defined on .A + (2f2) by 

d> A (m;a) = a A ~^ m ) £ F^m;X)a^ 

for A G such that A Q := ^\(H a ) £ Z for all a G A. It follows in the same way as Corollary 
4.2.3 in ^U] that the sum converges and that <&\(m; •) is holomorphic on A + (2£l). Let A^ = 
{a G A + | 2a £ A}. Define the c-function by the Gindikin-Karpelevic formula 

(14) c(m-X) = K TT 2- A °r(A a ) 

{ ' } C{ ' ) K ° i \ + T(\{\ a + m a /2 + l))T{\{X a + m a /2 + m 2a )) 

aeAT 

where the constant kq is chosen so that c(m; p(m)) = 1. The hypergeometric function (p\(m; a), 
associated to the triple (a, A, to) is defined on A + (2Q) by 

(1.5) tpx(m;a) := ^ c{m\w\)$ wX {m; a) . 

Although the Harish-Chandra series is well defined on A + {2£1), the estimates we need can only 
be found in the literature for A{Q). We will therefore restrict our attention to this domain in 
the following, though it might not be maximal as some examples indicate. 

Theorem 1.1 (Heckman-Opdam). Let m G Then the following holds: 

(1) The function (A, a) i— > (p\{m;a) extends to a holomorphic function on a£ x A(Cl); 

(2) We have L(m)(p\(m; •) = ((A, A) — (p(m), p(m)))<p\(m; •) for all A G a£. 

(3) Ze£ A G a£. There exists a constant C > sixc/i i/iai /or a// a = exp(Hn + i-ff/) G A(O) 

G a and Hj G O 

/-^ |y)^(m;a)| < C e _min ™eM'ImwA(H7)+max m6W ?«p(m)(_H"j)+max I1 , e vKRew'A(_ff H ) 

In particular, for all a = exp(H) G A with H G o 
(1.7) Mm; a) | < c e max ^ wRewX{H) . 

Proof. See ^U] Corollary 4.2.6 and Corollary 4.3.13. For the last part see [18] . Proposition 
6.1. □ 
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1.2. The Hypergeometric Fourier Transform. Recall that the action of W on A and a* 

gives rise to an action on functions on A and a* by w ■ f(a) = f(w~ 1 a), respectively w ■ F(X) = 
F(w~ 1 X). Define a density function S(m; •) on A by 

(1.8) 5(m;a) := ]J \a a - • 

aGA+ 

Then S(m; •) is ^-invariant and 5(m; a) = n«eA+ ( a " ~~ a~ a ) ma on A + and dfj,(m; a) = 5{a)da is 
a positive measure on A (or A + ). Denote the corresponding L p -spaces of W- invariant functions 

If (A, dfi m ) W ~ L^(A + , \W\dfi(m; a)), f» f\ A+ . 

Let 

a * = {A G o* | Va G A+ : (A, a) > 0} = {A G a+ | h x G o+} . 

Then P^a?j_ is open and dense in a*, a* \ Wa* + has measure zero, and wa\ n a*j_ = if u; ^ e. On 
a* we consider the measure du(m; A) = \c(m;i\)\~ 2 dX and note that 

L?{a\dv{m- X)) w ~ |W|^(m; A)) , / -> /| a * . 

For / G L X (A, d/i(m; a)) w n L 2 (A, d/i(m; a)) w define jF(m; /) = / : a* -»• C by 



(1.9) T(m]f){X) := / f(a)<p-.i\(a)dn(m; a) = [W| / f(a)(f^ iX (a)dfi(m;a). 

J A JA+ 

Equation p. 7)1 in Theorem 11.11 shows that the integral converges absolutely and that T{m\ f) 
is bounded by Ci||/||i. We call J-(m; /) for the hypergeometric Fourier transform of f and the 
linear map J-(m) the hypergeometric Fourier transform. 

We have the following important result, cf. |18j . Theorem 9.13. The Lebesgue measures used 
on A and a* are assumed to be regularly normalized, see below (jl.13)) . 



Theorem 1.2. Assume that m G M.+. The operator t^t^ 7 extends to a unitary isomorphism 

L 2 (A, dfi{m; -)) w ~ L 2 (a*, du{m; -)) w . 

Let f G C™(A) W , then 

(1.10) ViV G N3C7 > OVA G a* : |^(m; /)(A)| < C{\ + [A])^ 
and the following Fourier inversion formula holds 

(1.11) /(a) = — y Tim; f)(X)(p iX (m;a)du(m; X) = — ^ F(m; f)(X)<p iX (m;a)dv(m; X). 
Furthermore, 

(1.12) ^(m;L(m)/)(A) = -(|A| 2 + |p(m)| 2 )^(m;/)(A), A G a*. 

Note however, that in general J 7 does not map the convolution product of two functions on 
A into the product of the Fourier transforms. 

We now relate the hypergeometric Fourier transform to the usual Fourier transform Ta on 
the abelian group A. Recall that Ta is defined on L 1 (A,da) by 

(1.13) ^a(/)(A)= f f(a)a- a da, 
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and that a constant multiple of J- a extends to a unitary isomorphism L 2 (A, da) ~ L 2 (a*,d\). 
The measures are said to be regularly normalized when the mentioned constant is 1, as will be 
assumed here. 

For s, t G W define c Sj t '■ a* — > C by c S) t(m; A) = c(m; s~ 1 iX)/c(m; t _1 zA). Then \c s ^{m; A)| = 1 
for all A G o*. It follows that we can define an isometric map t s : L p (a*,dX) — > L p (a*,dX) 
(s G W, 1 < p < oo) by 

(1.14) t s F(X) = c S)e (m; X)F(s~ 1 X) . 

Note that r s depends on the multiplicity function m although it is not indicated it in the notation. 
A simple calculation show that r s t = r s Tt and hence we have an action of W on L p (a*,dX). As 
the Fourier transform is a unitary isomorphism L 2 (a*,dX) ~ L 2 (A, da), we can carry this action 
over to L 2 (A, da). We denote the subspaces of r(W / )-invariant functions by L 2 (a*, dX) rW and 
L 2 (A,day( w l 

Lemma 1.3. The multiplication operator 

L 2 (a*,du(m; A)) 3 F ^ * a (F) := c(m; -i-)~ l F G L 2 (a*,dX) 

is a unitary isomorphism such that ^ a (t ■ F) = r^ a . In particular ty a : L 2 (a*, dv(m\ X)) w — » 
L 2 (a*, dA) 1- *- 1- ^ is a unitary isomorphism. 

Proof. This follows by simple computation. □ 
Set 

(1.15) A = J r A 1 o T(m) : L 2 (A, d/x(m; a)) w -» L 2 (A, da) w 
In particular, for / G C ( ?°(A) 14/ it follows from ((17111)) that 

(1.16) Af(a)= J JF(m; f)(X)a iX dX. 

J a* 

Denote by ^a the pseudo-differential operator 

(1.17) V A := Fa 1 o*a"^ := ^a 1 ° ; 1 ° ^4- 
Lemma 1.4. T/ie map 

(1.18) A := ^ A o .A = o * a o ^( m ) 

is a unitary isomorphism L 2 (A,dfi(m;a)) w —> L 2 (A,da) T ^ w ^ . Furthermore, if f G C^°(A) W ' ; 
f/ien 

(1.19) A(L(m)f) = (L A - \p(m)\ 2 )A(f) . 

Proof. Equation (|1.18|) is immediate, and the unitarity of A follows directly from Lemma 11.31 
Finally, (|1.19J) follows from (|1.12|) and the corresponding Euclidean expression J^a^aDW = 
-\X\ 2 f A (f)(X). ' □ 

Example 1.5. (The geometric case). The motivating example for the previous notation and 
theory is the case where (a, A, m) corresponds to a Riemannian symmetric space of non-compact 
type. For that, let G be a connected semisimple Lie group with finite center and 9 : G — > G a 
Cartan involution. Then K = G s = {x G G \ 9(x) = x} is a maximal compact subgroup of G 
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and G/K is a Riemannian symmetric space of the non-compact type. Denote by 9 the derived 
involution on g, the Lie algebra of G. Then g = t © s where t = g e = {X G g | = X} and 

5 = {X G g | = —X}. Note that s can be identified with the tangent space T XQ (G/K), 

where xo = eK G G/K. Let o be a maximal abelian subspace of 5. For a G a* let Q a := {X G 
g | VH G o : [JT, X] = a(iT)X} and 

A:= {«Ga*\{0}|gV{0}}. 

Then A is a root system and the function m : A — » R + defined by m a := dimg a is a positive 
multiplicity function. We say that the triple (a, A, m) is geometric if it corresponds to a Rie- 
mannian symmetric space in this way. In this case, when G/K is fixed, the multiplicity function 
m is omitted from the notation. 

Let A + be a fixed positive system and put n := © qG a+ Q a • Then n is a nilpotent Lie algebra. 
Let N = exp n and A = exp a, then the multiplication map 

N x A x K 3 (n, a, k) nak G G 

is an analytic diffeomorphism the inverse of which is the Iwasawa decomposition 

G9ih (n(x),a(x), k(x)) G N x A x K . 

As before, we set a x = e A (a) = e x ( H ^ if a = expH G A. Denote by dk the normalized Haar 
measure on K. The spherical functions on G/K are given by 

tp\(x) = [ a(kx) x+p dk 
Jk 

where A G a£, with (p\ = (f\i if and only if A' G WX, see 012] and JHj. The hypergeometric 
function ip\(m;-) associated to (o, A,m) is exactly the function a i— > ip\(a). 

Recall that G = KAK, that KA + K is open, dense and with complement of measure zero in 
G, and that K/M x A + 3 (kM, a) i— > /caxo is a diffeomorphism onto its image, see |12j . Chapter 
IX, Theorem 1.1 and Corollary 1.2. We identify A with the subset A ■ xq C G/K. It follows 
that -fT-biinvariant measurable functions are determined by their restriction to A + . We obtain 
from ^5], Chapter I, Theorem 5.8: 

Lemma 1.6. The invariant measure on G/K can be normalized so that 

\ f(x)dx= \ f(a)5(a) da = \W\ / f(a)5(m; a) da 
Jg Ja Ja+ 

for all f G L^iG/K) 1 ^ . In particular, the restriction map f i— > f\_& defines a unitary isomorphism 
L 2 (G/K) K ~ L 2 (A,dn(m;a)) w ~ L 2 (A + ,\W\dn(m;a)). 

The spherical Fourier transform T : L 2 (G/K) K — > L 2 (o*, du(m; X)) w is defined by 

T(f){\):= f f(x)^ iX (x)dx, f G L 2 (G/ K) K n L l (G/ K) K . 
JG/K 

By Lemma ll. 61 it follows that the spherical Fourier transform is a special case of the hypergeo- 
metric Fourier transform. 

For / G C£°(G/ K) K the Abel transform of / is defined by 

(1.20) Af(a) = a p [ f(an)dn. 

Jn 
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Then Af is VF-invariant, cf. |Sj, Lemma 17 or ^3]j Chapter I, Theorem 5.7. Here we normalize 
the Haar measure dn on N such that the measure in Lemma ll. 61 is given by dx = a~ 2p dndadk = 
dadndk. Then 

(1.21) T = T A oA, 

see ^3], p. 450 eq. (7). This explains our definition of A in (|1.15|) . An integral formula as (|1.2Uj) 
seems not available in general. 

If L C G and / is a function defined on G, then we set Resi(f) = By ^3], Chapter II, 
Corollary 5.11, we have that Res A : C°°{G/K) K -> C°°(A) W is an isomorphism. Denote by 
0(G/K) the commutative algebra of G-invariant differential operators on G/K. If D £ 0(G/K) 
then there exists a unique ^-invariant differential operator Rad(D) on A such that 

(1.22) Res A o D = Rad(L>) o Res^ . 

The differential operator Rad(-D) is called the radial part of D. Denote by Lq/k the Laplace- 
Beltrami operator on G/K. Then, according to ^Hj; Chapter II, Proposition 3.9, we have 

(1.23) Rad A (L G/K ) = L(m). 

Example 1.7. (The even multiplicity case). We now consider the (not necessarily geomet- 
ric) special case where m a € 2Z and 2a A for all a £ A. We refer to \H\ for details. It follows 
from the definition in (|1.4|) that l/c(m; A) is a polynomial. In fact we have: 

m„/2-l 

<i-«> ^tt= n n 



c(m: A) ■ LA - LJ - p(m) a + k 
y ' ; ceA+ fc=o rv ;a 

We therefore get the following lemma in this case: 

Lemma 1.8. The operator ^>a is a constant coefficient differential operator on A given by 

m a /2—l 

aG A+ k=0 

where the constant n(m) is given by 

m a /2—l 

K (m)= n n 



p(m) Q + k 

The following theorem is obtained in J7|> Theorem 5.1: 

Theorem 1.9. Assume m a £ 2Z and 2a A for all a £ A. Let := S^eiy 6 "^- There 
exists a W -invariant differential operator D on A with analytic coefficients such that 

m a /2—l n r \1 

S(m;a)(p x (m;a) = c(m; X)c(m; -X)D^ x (a) = JJ _Q , 2 _ , 2 " %(«) 

Q, e A+ fc=o ' a 

/or aZZ A 6 a£. Moreover, these expressions are holomorphic in A. 

Theorem 1 1 . 91 implies the following inversion formula for the Abel transform in terms of D and 
6(a): 
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Corollary 1.10. Assume that m a £ 2N and that f £ C£°(A) W . Then Af £ C°°{A) and 

DAf{a) = \W\5(m;a)f(a), a £ A. 

Proof. The smoothness of Af follows from (|1.1U|) and (|1.16|) . Moreover, we can carry D under 
the integral sign in the latter equation. From VF-invariance of T{m; f) and D we therefore 
obtain 



DAf{a) = [ F(m;f)(\)Da l 
J o* 



iX d\ 

1 



W 



F(m;f)(\)Di; x (a)d\ 



a' 



1 Mm; a) f T(m; f)(X)(p iX (m;a) 



\W\ y ' ' J a * v ,J ' y ^ tAV ' ' \c(m;i\)\ 2 
= \W\5(m;a)f(a) 

where was used in the last step. □ 

Remark 1.11. The differential operator D is closely related to the Heckman-Opdam shift 
operator D + {m). We refer to f° r discussion on inversion of the Abel transform using shift 
operators. 

Example 1.12. (The geometric case with G complex). Let us now consider the simple 
case where m a = 2 for all a. This corresponds to the geometric case where G has a complex 
structure. Let vr(A) = X\ ae /\+(ot,\), then c(A) = ir(p)/ir(\) by (|1,24|) , It is well known that 

(1.25) <p x (a) = c(A)<5(a)^ 1 /2 ^ sign(w)a wX . 

where 5(a) 1 / 2 : = FUa+K " a~ a ). Let n(d a ) = U aeA + 9 ( h «)- Then 

(1.26) V A = (-l)\ A +\7r(p)-\(d a ) 
by Lemma ll. 81 

Lemma 1.13. Assume that m a = 2 for all a £ A + . Then the differential operator D can be 
taken as 

D = t^ § i/\ {da) 

7T(p) 

Furthermore, with the notation of hl.'J\) . 

D = 5 1/2 ^ A . 

Proof. We have w(d a )a wX = sign(w)ir(\)a wX and c(-A) = (-l)l A +lc(A). Hence 

(-l)\^{p)-H(a) l l 2 n{d a )^ x { a ) = (-l)\ w \*{fi)-H(a)W*{\) Y, ^(w)a wX 



c( _ A )-i 5(a )i/2 sign( 



[w )a 

= [c(A)c(-A)]- 1 ,5(a)^ A (a). 
The second part follows from (|1,26|) , □ 
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Lemma 1.14. Assume that m a = 2 for all a. The representation r is given on functions on a* 
and A by t(w)F(\) = sign(w)F(w^ 1 A) and T(w)f(a) = sign(w) f (w^ 1 a) respectively. 

Proof. This follows from the fact, that c(w\) = sign(u;)c(A). □ 

Lemma 1.15. Assume that m a = 2 for all a. The isometry A : L 2 (A,dfx) w — ► L 2 (A,da) T ^ w ^ 
of Lemma \1.4\ is given by multiplication with 5 1 / 2 = naeA+( a ° — a ~ a )- 

Proof. By the definition of A in Lemma ll.4| by Lemma ll, 131 and by Corollary II .10[ 

□ 

2. The Heat Equation 

In this section we study the heat equation on ^4 reg associated with the operator L(m) of 

We start with the classical case which is well known. We will identify A and o without further 

comments. 

The heat equation on a is L a u(X,t) = dtu(X,t). We consider the corresponding Cauchy 
problem 

(2.1) L a u(X,t) = d t u(X,t) , hmu(AV) = f(X). 

For / E L 2 (a,dX) (and with the above limit in L 2 -sense) the solution is given by applying 
the contraction semigroup e tA to /, i.e., u(X, t) = e tA f(X) = ht * f{X) where ht(X) = 
(4:Trt)~ r / 2 e~\ x \ /( 4t ) is the heat kernel. With the present normalization of meausures this can be 
written as follows 

(2.2) u{X,t)= [ e'^ 2 f{\)e l ^ x U\. 



Because of the factor e *' A ' 2 we can replace X in (|2.2|) by X+iY and the result is a holomorphic 
function on etc- Define a density function 

(2.3) u«(X + iY) = uj t {X + iY) := (2^)~ r / 2 e -l y l 2 / 2 * 
and set 

(2.4) H t (a) = {F £ 0(a c ) \ f \F{Z)\ 2 ^{Z) dXdY < oo} . 

J ac 

Here 0(ac) stands for the space of holomorphic functions on ac- The following is well known, 
see 

Theorem 2.1 (Bargmann, Segal). Let t > 0. The space Tit is a Hilbert space with a reproducing 
kernel. The solution u(-,t) belongs to TCt(a) for all f E L 2 (a), and the map 

H t a :L 2 (a)3f^ U (;t)eH t (a) 

is a unitary isomorphism. 
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The transform Hf : L 2 (a) -> H t (a) is called the Segal-Bargmann transform. 

Consider now a non-negative multiplicity function m on a root system A. In analogy we 
take L(m)u(a,t) = dtu(a,t) where a G ^4 reg , as a definition for the hypergeometric heat equation 
associated to m, and we consider the corresponding Cauchy problem 

(2.5) L(m)u(a,t) = dtu(a,t) , limu(a,t) = /(a). 

More precisely, we shall study this problem with the condition that / G L 2 (A, dfi(m; a)) w where 
dfi(m; a) = 5 (a) da, and with the above limit with respect to this L 2 -space. 

Example 2.2. The heat equation on a Riemannian manifold is given by (|2.1jl . with L a replaced 
by the Laplace-Beltrami operator. In particular, if the Riemannian manifold is a Riemannian 
symmetric space G/K of the non-compact type we obtain 

(2.6) L G / K u(x,t) = dtu(x,t) , lim u(x, t) = f(x) 

If we assume that / is K- invariant, then obviously the solution u(-,t) is also X-invariant. Taking 
the radial part as in Example ESI (see (11.231) ) we get exactly the problem Q2.5JI for the associated 
multiplicity function m, with / G L 2 (A res , dfi(m; a)) w . 

The problem Q2.5|) is easily solved by means of the hypergeometric Fourier transform: 

Lemma 2.3. Let f G L 2 (A, dfi(m; a)) w . The solution to the problem \2. 5]) is given by 

(2.7) u(a,t) = ^^ e -'(W 2 +l^)lV(m;/)(A)^ A (rn;a)^(m;A). 

In particular, the solution a *— > u(a, t) is well defined and real analytic on A and extends to a 
W -invariant holomorphic function on A(Q). 

Proof. Define u(a,t) for t > by (|2.7|) . Then u(-,t) is well defined and real analytic on A and 
extends to a VF-invariant holomorphic function on A(Q). This follows from (jl.6|) . from which a 
uniform estimate \tfii\(m; a)\ < Ce fe l A l, A € a*, a € A(Q), is easily derived. 

It is now easily seen that u(-,t) solves the hypergeometric heat equation. Moreover, applying 
dominated convergence as t — > 0, we see that the functions A i— > e~'^ A ' +\p( m )\ ) ^(rn; f)(\)ipi\(m; a) 
converge in L 2 {a* , dv(m; -)) w to A i— > J-(m\ f)(\)<pi\(m; a). Hence the limit relation in ()2.5|) fol- 
lows by continuity of the inverse Fourier transform. □ 

The extension to A(Q) of the solution u(a,t) in ()2.7|) is denoted Ht(m; /), and the map 

L 2 (A, dv(m; a)) w 3f» H t (m; f) G 0(A(Q)) 

is called the Segal-Bargmann transform associated with the hypergeometric heat equation. The 
following lemma characterizes of the image of the transform. 

Theorem 2.4 (The image, first version). The image 

Htim) := H t {L 2 (A,dfi{m;a)) w ) C 0(A(SI)) 

is the space of W -invariant holomorphic function F on A(Q) satisfying the following conditions: 

(1) The function F\a is in L 2 (A, d/j,(m; a)) w ; 

(2) The function A ^ e (l A l 2 +W m )l 2 )*jr( m; F\ A )(X) is in L 2 (a*, dv(m; \)) w . 
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Proof. Let / G L 2 (A,da) w and F = H t (m;f). Then F is a VF-invariant holomorphic function 
on A(£l), and by (|2.7|) we have 

(2.8) F| A = ^M-^e-d^+lpMI 2 )*^; /)). 

Since | e ~ C I ^ 1 2 1 ^C"^) 1 2 )* | < i we have e-d-l'+lpMI 2 )* jr( m; /) G L 2 (a*, d^(m; A)) w . Thus F| A G 
L 2 ^,^) 1 ^ and e (l l 2 +lpMI 2 )tjr( m;j p| A ) = ;F(m;/) e L 2 (a*, dv(m; X)) w , so F satisfies (1) and 
(2). 

Now, let F G 0(A(n)) satisfy (l)-(2), and let 

g = ^(m)- 1 (e (l ' |2+|p(m)|2)t ^ r (m; F| A )) G L 2 (A, da) w . 
Let G = Ht(m; g). By definition, 

T{m; G\ A ) = e-* (M2+|p(m)|2) F(m; g) = F{m; F\ A ). 

Hence G = F almost everywhere on A. Since A is a totally real submanifold of A(£l) it follows 
that G = F. □ 

We extend the r-action of the Weyl group on L 2 (a, dX) to T~Lt{o) by defining it to be t w (F) := 
H£t w (H?)- x F. If F = H?f, then the action is given by 

T s F(X + iY) = /e- |A|2 *c s , e (m;A)/(s- 1 A)e a(x+iy) dA 

W H c ejS -i(m; A)/(A)e iA C«~ 1 C x+iy » dX . 

In particular, the subspace fit (a)^ is defined by means of this action. 

Recall, that we identify A and its Lie algebra o. Define a density function on a<c by 

(2.9) Ut (m; X + iY) = {2 7rt)- r / 2 e 2t ^ 2 ~^/ 2t . 

Lemma 2.5. Let F = H t (m; f) G H t (m) with f G L 2 {A, dn(m; a)) w . Then e^' 171 ^ 2 A{F\ A ) 
solves \2. 1]) on a with initial value Af G L 2 (a,dX) T ( w \ 

In particular A(F\a) extends to a t(W) -invariant holomorphic function on ac, denoted by 
AF, such that 

(2.10) \\f\\ 2 =[ \AF(X + iY)\ 2 uj t (m;X + iY)dXdY . 

Proof. The following chain of equalities is easily obtained from the definitions of A, Ht and H": 

;F A ( e *IPMI 2 A(FU)) = e t|p(m)|2 c(m;-i-) _1 F(m;FU) 
= e- tW2 c(m;-i-y l T(m;f) 
= e^ f A (Af) 
= F A {H?Af). 

Hence e^ p ( m ^ 2 A(F\ A ) = HfAf, which is exactly the first statement of the lemma. 

The r(VF)-invariance of AF is immediate from the above definition, since Af is t(W) invariant 
by Lemma ll. 41 Finally, (|2.10j) follows from the unitarity in Theorem 12. II □ 
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We can now define a sesquilinear product on Ht(m) by 
(2.11) (F,G):=f AF(X + iY)AG(X + iY) u) t (m; X + iY) dXdY . 

J ac 

We collect the main results in the following theorem. 

Theorem 2.6 (The image, second version). The space TLt{m) is a Hilbert space and Ht(m) : 
L 2 (A, da) w — > Ttt(m) is a unitary isomorphism. 

Proof. Follows immediately from the preceding lemmas. □ 

Example 2.7. (The geometric case with G complex). Assume m a = 2 for all a, i.e., 
(a, A,m) corresponds to a Riemannian symmetric space G/K with G complex. Note that the 
function <5 1//2 has a holomorphic extension to A. We then obtain the following result of B. Hall 
and J. Mitchell, Theorem 3. 

Theorem 2.8. Let f € L 2 (G/K) K , and let u(x,t) = H t f(x) be the solution to ifiOj) . The 

map X \— > u(expX, t), leo has a meromorphic extension to etc, denoted Z t— > U{Z), which is 
W -invariant and satisfies the following: 
The map 8 l l 2 U is holomorphic and 

Il/H 2 = (27rtr r/2 [ \{5 ll2 U){X + iY)\ 2 e 2t ^ 2 -\ Y \ 2 ' 2t dXdY. 
Conversely, any meromorphic function U(Z) which is invariant under W and which satisfies 

[ \{S X I 2 U){X + iY)|V^I 2 -m 2 /« dxdY < oo 

is the Segal-Bargmann tranform Htf for some f £ L 2 (G/K) K . 

Proof. Immediate from Theorem 12.61 by Corollary II. 101 The statements about VF-invariance 
follows from Lemma 11.141 since <5 1//2 [7 is invariant under the action mentioned there if and only 
if U is invariant for the ordinary action. □ 
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